Monotonicity of the Lozi Family and the Zero Entropy 
^ : Locus 

i^h ■ Izzet Burak Yildiz 

Abstract 

In |11] , Ishii and Sands show the monotonicity of the Lozi family C a ^ in a C 1 

f~*\ | neighborhood of a-axis in the a-b parameter space. We show the monotonicity of 

the entropy in the vertical direction around a = 2 and in some other directions for 

1 < a < 2. Also we give some rigorous and numerical results for the parameters at 

which the Lozi family has zero entropy. 
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cn 1 Introduction 

> 

o . 

C — , Since its discovery in 1976, the Henon map [8] has been one of the most studied examples 

in dynamical systems. It was introduced by M. Henon as a simple model exhibiting chaotic 
motion. On the other hand, the Lozi map [13] which is a piecewise affine analog of the Henon 
map has been also important since it has a simpler structure but similar chaotic behavior. 
The Henon family is denned by: 



O 

q 



% 




while the Lozi family is defined by: 

C = £ a , b ■■ ( X | M- I 0. 




Thus, the quadratic term ax 2 in the Henon family is replaced by the piecewise affine term 

a\x\. This results in a considerably simpler family of maps. For instance, in [13] the existence 

of attractors is proved for a large set of parameters, while in the Henon family, this is only 

proven for a near 2 and b ^ small (see [2]). 

In this article we improve some of the entropy results obtained by Ishii and Sands in [TT] 

and give some partial results about the parameters at which the topological entropy of the 

Lozi family is zero. 

The following result about monotonicity was obtained in |llj : 
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Theorem 1.1. For every a* > 1 there exists 6* > such that, for any fixed b with \b\ < b*, 
the topological entropy of L a ^ is a non- decreasing function of a> a*. 

Our results can be summarized in the next three theorems: 

Theorem 1.2. For any fixed a* in some neighborhood of a = 2, there exist b\ > and b^<0 
such that the topological entropy of C a ,b is a non-increasing function of b for < b < b\ and 
a non- decreasing function of b for b^ < b < 0. 

Note that when a* > 2, the proof of the above theorem is trivial since those parameters stay 
inside the maximal entropy region where the entropy is constant and equals log2 (see Fig. [6]). 
So, the non-trivial part is the one-sided neighborhood of 2, a* < 2. 

Let us define R 2 >1+ = {(a, b) e M 2 | a > 1 + |6|}. 

Theorem 1.3. For every 1 < a < 2 there exist N£, N% G M + and two lines 71,2 : (—^1,2, ^1,2) — > 
IR> 1+ , £1,2 > 0, given by~fi(t) = (a+N^t, —t) and 72 (t) = (a+N 2 t,t) such that the topological 
entropy of £ 7l (t) and £ 72 (<) is a non- decreasing function oft. 

Theorem 1.4. In a small neighborhood of the parameters a = 1 and b = 0.5, topological 
entropy of C a<b , h top (C atb ), is zero. 

Remark: The proof of this last result can be extended to other parameters as well. But 
applying the method becomes difficult especially when b is close to 1. So we give some 
numerical results for such parameters and obtain a picture (see Fig. [8]) for the zero entropy 
locus Hq = {(a, b)\ h top (£a,b) = 0} when a > and b > 0. 

Outline The remainder of this article is organized as follows. Section [2] gives an introduc- 
tion to the Pruning Theory and some results by Ishii and Sands that we are going to use. 
Our monotonicity results are proved in Section [3j Then, Section H] extends these results. 
Section \5\ describes the results about the zero entropy locus. 

2 Pruning Theory 

The Pruning Theory was suggested by Cvitanovic [1] as a way of obtaining symbolic dynam- 
ics for the Henon map. Certain conjectures were formulated which still remain unproved. 
Motivated by this, and following suggestions of J. Milnor, Ishii [9], [10] provided an analogous 
Pruning Theory for hyperbolic Lozi maps (i.e., those satisfying a > 1 + \b\) and proved an 
appropriate "Pruning Conjecture" which yielded a good symbolic description of the bounded 
orbits of hyperbolic Lozi maps. 

Let us recall the basic elements of this Pruning Theory: 



Let E denote the symbol space {—1, +1} Z with product topology. Define the shift map a : 
E — > E which is a continuous map given as <r(. . . £_ 2 ,£_i -£o>£i • • •) = (• • -£-2,£-i,£(r£i • • •)• 
For any e G E we call £ u = (. . . £_ 2 , £_i) the tail of e and e s = (£o,£i • • •) the head of e. 
Let C u and C s be the set of all tails and heads, respectively. So E may be identified with 
C" x C s . 

Define p(. . . ,e_ 2 ,e_i)(o, b) = 1 - fe_ 2 + 6 2 s_ 2 s_ 3 - 6 3 s_ 2 s_ 3 s_ 4 + . . ., 

where s n is defined as 
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-ae r 



—ae n -\ 



b 
-ae n ^ 2 H 



Similarly define g(£o, £i • • •) = r o — r o r i + ^o r i r 2 
where r n is defined as 



r n = l — h • (2) 

ae n H : 



0£n+l + 
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a>£n+2 H 



Note that p(£ u )(a, 6) and q(e s )(a,b) are defined on C" x R> 1+ and C s x M> 1+ , respectively. 
In the rest of the paper, we identify p with p o tt u and g with qoji s where tt u : E x K> 1+ — >• 
C M x M^ 1+ is the map (e)(o, 6) ->■ (£ u )(a,o) and n s : E x M| 1+ -»■ C s x M| 1+ is the map 
(£_)(a, 6) — > (i s )(a, 6). So, we consider p and g as functions p,q : E x M> 1+ — >• IR. 
For the proof of the next lemma, see lemma 4.3 and 6.1 in [9]. 

Lemma 2.1. For fixed e G E, £/ie functions p(e), q(e), s n (e), r n (e) : 1R> 1+ — >• IR are rea/ 
analytic in (a,b). Moreover, p, q, s n , r n and their partial derivatives with respect to a and b 
are continuous as functions E x IR> 1+ — > IR. 

Definition 2.2. We call 

V a , b = {£ G E| (p-g)(...e_ 2 ,e_i • e ,£i • • -)(M) = °} 
the pruning front of L a j> and 

^a,6 = {£ G E| (p-q)(. . .£- 2 ,£_i- £ ,£l . . •)(«, 6) < 0} 
the primary pruned region of C a ,b- The pair ("P^fe, ^a,6) is known as the pruning pair of £ a ,b- 



We call A a ,b = S \ [j n&z a n V a , b = {e6S|(p- <?)(>V)(a, &) > OVn 6 Z} the admissible set. 

We explain by the end of this section that one can show the increase of the entropy by 
showing the decrease of the primary pruned region. 

Definition 2.3. The set V a ,b — *Pa,b H A a ,b is the admissible pruning front. 

Let K = K a £ denote the set of all points whose forward and backward orbits remain bounded 
under £ a6 . For a point X £ K we define n(X) to be the set of sequences (. . . £_ 2 ,£_i ■ 
£o,£i • • •) where 

' +1 if C\X) X > 

£l ={ * if £ 4 p0* = 

-1 if C\X) X < 

Here * can be both +1 and — 1; and Y^ is the x-component of Y. An element of 7r(X) is 
called an itinerary of X. So a point X can have more than one itinerary. 

Now let us define the standard partial orders on C s U C u : 
Definition 2.4. 

1. Let ef and 5 s be two distinct elements in C s . Then there exists the smallest number 
i > such that E{ ^ Si. We say e s < s 5 s if one of the following is satisfied: 

(i) The number of +l's in -Eq ■ ■ ■ £i-i is even and e* < Si, 

(ii) The number of +1 's in -Eq . . . £j_i is odd and e^ > Si, 
where order on the symbols is —1 < +1. 

2. Let e u and S u be two distinct elements in C u . Then there exists the largest number 
i < such that Ei ^ Si. When b > (resp. b < 0), we say §_ u < u S u if one of the 
following is satisfied: 

(i) The number of —1 's (resp. +1 's) in £j_i . . . Eq- is even and Ei < Si, 

(ii) The number of — 1 's (resp. +1 's) in £j_i . . . Eq- is odd and Ei > Si, where order on 
the symbols is —1 < +1. 

See FigJTJfor the case b > 0. 

In [9], Ishii proves the following version of the Pruning Front Conjecture (PFC) which was 
motivated by Cvitanovic et al [1]. 

Theorem 2.5 (the pruning front conjecture). Suppose that L a ^ satisfies a > \b\ + 1 and let 

E £ {+1, —1} Z . Then there exists a point X £ K a ^ such that e £ ir(X) if and only if a n E 
does not lie in T> a ^ for all n £ Z. 
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Figure 1: Symbol space S = { — 1, +1} Z with the proper ordering when b > 0. Note that E 
can be identified with C u x C s . To visualize C u x C s which is the product of two Cantor 
sets, we identify the endpoints of gaps (i.e., we delete the gaps) at each of the Cantor sets. 

Next, we will summarize the results of Ishii and Sands [UJ, which prove the monotonicity 
of the entropy in the positive a-direction. 



Recall that the tent map T a : K — y K. is given by T a (x) 



1 — a\x\ 



Definition 2.6. An itinerary of a point igR under the map T a is an element of i a (x) 
{e s G C s | SiTl(x) > Vz > 0}. We call k(o) = i a (l) the kneading invariant of T a . 



Proposition 2.7. Suppose 1 < a < 2. T/ien vr s (P a! o) 



n(a) where n s : S —y C s is the map 



Lemma 2.8 (Stability of V). Suppose a > 1 + |6|. Then for every neighborhood U ofV a ,b 
there exists a neighborhood V of (a, b) such that V h i C U for every (a, b) G V. 

Definition 2.9. We say that (V a ,b, A,&) < {Vl - h , A[ -) if A a , b C X - and P' - n A a ,b = 0- 



The main step in the proof of the monotonicity in [TT] is the following theorem: 



Theorem 2.10 (Local Monotonicity). Suppose f : (— <5, <5) — >• 



">i+ 



, 5 > 0, is C 1 and 



d{p-q){e)f{t) 
dt 



>0 



t=o 



for all £ G Vf(o) ■ Then there exists a C 1 neighborhood T of f and a neighborhood IofO such 
that for any C l curve g G J 7 the map t G I —$■ (P g (t) , A g (t)) ^s order preserving: iftx,t2 G I 
andh < t 2 then (P g{tl ),A g{tl) ) < {V g (t 2 ),A g ( t2 ))- 

It is also proven in [11] that if (V a ,b,A a> b) < (V^, A &> ^) then h t0 p(Ca,b) < h to p{^ & ^- So, the 
above theorem can be used to show the monotonicity of the entropy. 

In [TT|, Ishii and Sands show that }~ > ® f° r an y £ ^ ^a,o- Then they use local 

monotonicity to prove the following: 

Theorem 2.11. For every a* > 1 there exists 6* > such that the map a G (a*,oo) — > 
("Pa,b,Aa,b) is order preserving for all \b\ < 6*. 

So Theorem 11.11 follows from these facts. 

Remark: Note the relationship between the primary pruned region, £> a ,&> and the entropy 
of C a ^. As the primary pruned region decreases, entropy increases. This relation lies at the 
core of the arguments below. 

3 Results about the monotonicity of the entropy 



In [TO], Ishii mentions that although we have monotonicity in the direction given above, we 
do not know anything about the monotonicity in b direction. We look for a solution to this 
question near the point (a, b) = (2,0). 

Now we want to concentrate on the point (a, b) = (2,0). We will first describe the set T-^.o- 
Using the stability of V this will give us some information about Vi,b f° r \b\ small. After that 
we will use the local monotonicity by taking 6-derivative of (p — q) to show the monotonicity 
in 6-direction around (2,0). 

Proposition 3.1. Let5_ s = (+1,-1,-1,-1...). For(a,b) = (2,0) wehaveV 2 ,o = nj 1 (6 s ) = 
{S u • +1, -1, -1, -1 . . . | S u G C u } and X? 2 ,o = 0. 

Proof. First note that by Proposition [221 rc s (V 2j0 ) = «(2) = (+1, -1, -1, -1 . . .)■ So, V 2fi C 
7r 7 1 (^ S )- To prove 7r^ 1 (5 s ) C V 2 ,o, we need to show that for any 5 U G C u the sequence 
S=(S U - +1, -1, -1, -1 • • •) is in 7\o = A 2fi n ?\o, i.e., (p - q)(a n 5_)(2, 0) > for n G Z 
and (p — q)(S)(2, 0) = 0. Note that for an arbitrary e G E, p(e u )(2, 0) = 1 and r n — -^- and 
q(£°)(2, 0) = ^ - ^ + ^_ - . . . + (-l)n _^-l__ + . . .^ So, g(e-)(2, 0) is maximized 
at only S_ s = (+1, —1, —1, — 1 . . .) and its maximum value is S*~f ) (|) 1 = 1. This shows that 
for any S_ G vr; 1 ^), (p - q){S)(2,0) = and (p - q)(a n S_)(2, 0) > for ra ^ 0. This proves 
ttJ 1 ^ 8 ) C P 2 ,o and also £> 2 , = 0. □ 



Lemma 3.2. 



d(p-q)(e)(2,b) 



Oh 



6=0 2e_ 



fore£ V 2 ,o- 
Proof. Recall that 

p{. . . , e_ 2 , £-i)(a, b) = 1 - 6s_ 2 + b 2 s^ 2 s^ 3 - b 3 s_ 2 s_ 3 s_ A + • • • , 

and 

q(e , e x . . .)(a, 6) = r - r ri + r Q r 1 r 2 - . . . , 

where s n and r n are given by ([I]) and (J2J). Taking the partial derivative of p with respect to 
b we get: 

— = -s_ 2 - fo'_ 2 + 26s_ 2 s_3 + b 2 {s_ 2 s-z)' H . 



Since s n are analytic Vn < —2 we obtain: 

-S-2 



dp 
db 



6=0 



fe=o ae_2 2e:_ 



Now for g|; first note that for e such that e s = (+1, — 1, — 1, —!•••) we have q(e)(a, b) 



(a+x)(b+x) 
dq 
db 



where x = (a - a/a 2 + 46)/2 (see lA.lj) . 



Since „? is continuous with respect to b; a calculation (see !A.2p shows that: 



dq 

db 



hm — - = hm 



So for a = 2 we have tJ 

06 



6=0 b^o db b^o db \(a + x)(b + x) J a(a-l) 2 ' 
= 0. 



□ 



6=0 



The previous lemma says that the sign of 



d(p-q)(e)(2,b) 



ill, 



6=0 



depends on e_ 2 . 



Proof of Theorem U.gl First let us define: 

X = {■■■ e_ 3 , +1, +1 ■ £„, £i, £ 2 • • • }, 

y = {••■e_ 3 ,-l,±l -eo,ei,e2---}, 

2= {•••£_ 3 ,+l,-l -e ,£i,£2---}- 

Also, define the curve /(£) by £ e (-5, +5) -» (2,£) e M| 1+ where 5 > 0. 

Note that we have P 2 ,o = {z u ■ +1? — 1, — 1, — 1 ■ • • | e_ u E C u } by Proposition 13.11 and £> 2 ,o is 

empty (see Fig. |2J). 
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Figure 2: Symbol space {b > 0) and the sets X, y, Z, V 2 ,o and C. Note that X, y 
and Z are the corresponding horizontal strips in the symbol space. Also note that P 2 ,o = 
{e u ■ +1, — 1, — 1, — 1 ■ ■ • | e u G C u } and C is a neighborhood of T^.o- 



0(p-g)(£X2,ft) : c 



Then by LemmaEZS — <? ^- nz ' - 1 is positive for e G T^oH^UZ) and negative for e G P 2 , n;y. 

By continuity with respect to e there exists a cylinder set C around "P 2j o such that 

9(p-g)(e)(2,6) 



b=0 



and 



Ob 
d{p-q)(e){2,b) 



>o for ^eCn(xuz), 



db 



b=0 



< o for eecny. 



Again by continuity with respect to b, there exists a neighborhood B C (—5, +5) around 



such that if (2, b) G f(B) we have 
for e G C n y. 



d(p~g)(e)(2,b) 
db 



> for e G C D (X U Z) and ^ 



8(p-g)(£)(2,6) 



,% 



<0 



Now we want to show that for b > and small, "P 2 ,& H (A? U Z) is empty (see Fig. [3]). 
To do this, first observe that C is a neighborhood of T-^o- By stability of P (Lemma |X 
there exists a neighborhood V of (2, 0) such that V(o, b) G V V a ,b C C. 
We also know that gg" ' > for eECn(XUZ). This means there exists a neighbor- 

hood B C (—5, +5) around where {p — q)(s) is increasing when b is increasing. This implies 
there exists b\ > such that for every (2, b) where < b < b\ and for every eECn(XUZ) 



we have 

(p-<7)(e)(2,&)>(p-<z)(e)(2,0)>0. 
In particular, this tells us that all elements of V^f, are in C fl y. But then we know that for 
these elements gg" ' < and so using Theorem 12.101 the entropy is non-decreasing as 

b decreases to 0. 



A similar argument applies for b < and small where it can be shown that V2,b C Cr\(XUZ) 
and that the entropy is non- decreasing as b increases to 0. 
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Figure 3: This figure shows the primary pruned regions, X> a ,&, of maps for given parameters. 
The x-axis represents C s and the ?/-axis represents C u . One can expect to find some elements 
of V a b at the boundary of V ab . 
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Figure 4: Primary pruned region, T> a ^, for original parameters studied by Lozi: a=1.7 and 
b=0.5 

4 Extension of the results to 1 < a < 2 



In this section we would like to prove some monotonicity properties for other a values as 
well. However, we are not able to prove the monotonicity in the vertical direction because it 
is not possible to use local monotonicity when we move away from a = 2. The reason behind 
this is the fact that for such o's and small b, 3^" is positive for some e G V a ,b and 

negative for some other e G V a ,b- 

So we prove the next best thing: Monotonicity in the direction of lines which make some 
angle with the a-axis (see Fig. [5]). To prove this result we modify and use some of the 
computations done in [TTj . 

Lemma 4.1. (Lemma 11 in fTlf) Suppose 1 < a < 2 and e s G n(a). Then 



a 3 + 2a 2 - 6a + 2 d(p - q){e)(a, b) 



2a 2 a- 1 



Da 



< 



(a,0) 



f 2a 2 - 6a + 4 
2a 2 (a - 1) 



In particular; 



d(P ~%T ia ' b) \ {a ,o) * (V2 - l)/2 > if a > V2. 



Lemma 4.2. (Corollary 13 in J7i]/) Suppose 1 < a < 2 andef G ft(a). T/ien 
0. 

Lemma 4.3. (Corollary 7 and Eqn. 3.11 in [IT]/) 
Suppose 1 < a < 2 and e s G /t(a). Taen 



d(p~q)(e)(a,b) 
da 



l(a,0) 



> 



j=0 



:5q • • -^i-1 



(3) 
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and 

oo 
j=0 

where we define the empty product eo . . . e_i to equal 1. 

Now, we use these results and similar techniques to prove the following: 

Lemma 4.4. Suppose 1 < a < 2 and e s G n(a). Then 



-2a 2 + 7a -2 d(p- q)(e)(a,b) 



ae-2 2a 3 (a — 1) <% 



1 -2a 2 + 7a - 8 

6=o ~~ as-2 2a 3 (a — 1) 



Proof. From the proof of Lemma [3.21 we know that p g b | , _ n = ^— • So, we need to find 
some upper and lower bound for g fe | fe=0 - 
Remember that g(£ , £i • • •) = r o ~ r o r i + r o r i r 2 — • • •■ 

oo 

Let us write q(e , e 1 . . .) = T - T x + T 2 - T 3 + . . . = J] (-l) n T„ where T n = r r 1 ...r n . 

n=0 

Now we have the following: 

I - 1 I _ £n 

n ' 6=0 ae n + 6r n+ i' b=0 a' 
and 



/I _ <9(r n )(V)(a,o) 



n\ b=0 Q h 



b=Q ~ _r n( r "+l + &r n+l)L=0 ~ ^T 



Taking term by term derivative of q, we get the following. Note that Eq = +1 and E\ 

T> - ' - _£l - _1 

°~ °~ a3"a3' 

-2! = -Kn + r ri) = £i£l + £° £| = ^ + 3*», 

a J a a a J a 4 a 4 

^2 = ( r o^i)V 2 + (r ri)r 2 = \ \ - ° \ 3 , 

a a a 

-T 3 = -(r rir 2 ) r 3 + (r ori r 2 )r 3 = — + — + — + q6 , 



ml / V , / \ / £ 2^3^4 ^0^3^4 ^0^1^4 ^0^1^2 £ : £ 1 £ 2^3 £: 5 

J 4 = ( r o?"ir 2 r 3 ) r 4 + (r rir 2 r 3 )r 4 = = - , 

a' a' a' a' a' 
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Note that dq{ f b a ' b) \ b=0 = r - T[ + V 2 

n-l 

Claim: T' n 



nrpl 



■l) n T, 



(r r x . . . r n )' = —^ks(J2 £ o--- s^i+i • •■£» + £0^1 • • • e n e n+ i), n>2 where 

i=0 

e . . . £j_i£i£j + i . . . e n means £j is missing in the term. 



Proof_of the Claim: Note that T' n = {T^rJ = T^ + (r r x . . . r n _i)< = T^-f - 
£0£1 "n £ +3 £n+1 - So the claim follows by induction. 

Let us organize the terms in the following matrix form. The terms in the first column 
((— l) n T^) are equal to the sum of the terms in the corresponding row. Also note that the 
last row denotes the sum of the terms in the corresponding column: 



-T{ 
















1 
a 4 






£0£2 
a 4 


T> 




£2 
a 5 












£0 
a 5 






£0£l£3 
a5 


-V 

J 3 




a 6 




£0£3 








£()£l 
a6 






£0£l£2£4 
a 6 


U 




£2£3£4 




£0£3£4 


£0£l£4 






£()£l£2 






£0£l£2£3£5 




a 7 




a 7 


a 7 






a 7 






a 7 


(-1TC 


(- 


-i) n £0£l£2-..£n 
a n + 3 


l- 


-i) n £0£l£2---£n 
a n+3 






(" 


-l) n £ ...£n- 
a n+3 


-lSn 


{■ 


-l) u £0...£n£n + l 
a n + 3 


oo 
























E(-irc 




*1 




+ 2 


*3-"- 


~*n ' 




s 






a* 


71=1 

























Since the series which gives the derivative of q is absolutely convergent, regrouping the 
suitable terms together, we can write: 



dq(e)(a,b) 
db 



1 , e E 2 



b=o a J 



J2*n + S + R, 



n=l 



where 



*i 



T. ' ~fi ~7 r • • • , 



£o£l£2£3 ^0 £: 1 £: 2^3 £ 4 ^0 £ 1^2^3 £ 4^5 
*2 - -7 ^ 1 ~Z 



and 



and 



i \n^0 ■ ■ ■ ^n—l^n^n+l , , N n _|_i^0 • • • ^n— l^n^n+l^n+2 



s 



a n + 4 



7 n+5 



a 4 a 



a 1 



+ ( _ 1)m £o^_ 



7 i+5 



/? 



£(j£l£2£3 , £o£l£2£3£4 



a- J 



<r 



0> 



... + (-1 
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u'+i 



£ . . .e j - 1 e j e j+1 



J>2. 



First let us start with observing that by the equation Q: 

S=— (1 + — — + ...) = 0. (5) 

a 4 a a z a A 

Secondly, 

1 / 1 1 1 

R < - 1 + - + - + ... = -^ rv. 6 

a 5 a a z ^(a — 1) 

For X]^Li*«) by the equation (jlj) we have: 

*i(-aVi) = (-1) 2 ^T Q 2 (1), 

a z 

* 2 (-a 2 ^ 2 ) = (-l) 3 ^T a 3 (l), 



and 



*n(-a 2 £n-ie n ) = {-l) n+l£ -^^Tt\l) 



a 
So, 



n=l i=0 



i^l • • • e »-l T ,j+2 



T! +/ fF 



Again by fl3]) we also have 

oo 1 oo 



a" 

n=l j=0 



for any a G R. Let a = infill and 8 = l=^± = | Since T ^ X ) G [^(^ X ] for every 
i > we have —5 < T*(l) — a < 5 for every z > 0. Note that by direct calculation 
T 2 (l) — a = 5{2a — 3). This gives us: 



n=l 



/ ! /wo on w 1 ! ! ^ 2a 2 -5a + 2 

< --,(S(2a -»)-%- + - + - + ...)) = - 2a3(a _ i} . (7) 

Similar calculations show that 

2a 2 - 5a + 4 



Z> 



> 



2a 3 (a-l) ' v ' 

Now, combining (EJ), (EJ), (JTj) and (jBJ) we get the desired result. □ 



13 



Proof of the Theorem ! 1.31 By Lemma [4.21 we know that for any 1 < a < 2 and ef G k(cl 

d(p-q)(E)(a,b) | 



d(p-g)(€)(a,b) 
da 

upper and lower bound. So, there exist N^ G M. + such that 



> 0. Also by the previous lemma for any such a, m \< oi ^ as an 



N, 



1 d(p-q)(e)(a,b) 



da 



d(p-q)(e)(a,b) 



(o,0) 



and iV„ 2 G 



such that 

r2 <9(p-g)(e)M) 



i\r 



da 



(o,0) 



+ 



96 



0(p-g)(e)(M) 



>0, 



(o,0) 



96 



>0. 



(o,0) 



This means that the directional derivatives of (p — q){e)(a, b) in the direction v[ = (N*, —1) 
and V2 = (N%, 1) are both positive. So by local monotonicity theorem, result follows. □ 



Since we have explicit upper and lower bounds for both 



d(p-q)(e)(a,b) 



and 



d(p-g)(e)(a,b) 



da db 

compute the directions in which the entropy is non-decreasing (see Fig. [5]). 



we can 



1.2 



«! = (10,-1) 



ul = (2,-i; 



^i = (1,-1) 



vi = (3, 

( 



1.4 



1.52 1.6 



T t 



1.2 



t>2 = (10, 1) 



^2 = (3, 1) 

( 



1.43 



1.59 1.7 



«2 = (2, 1) 



A i 



Figure 5: This figure shows the approximate monotonicity results for different N\ and N% 
values where 1.2 < a < 2. The topological entropy is non- decreasing in the direction of 
arrows. 



5 Results about the zero entropy locus 

In this section we turn our attention to the parameters for which h top (C at b) = 0. Note that 
it is enough to consider the maps with |6| < 1 since the maps with |6| > 1 are, up to affine 
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conjugacy, inverses of the maps with |6| < 1. 

Let us first review the following theorem: 

Theorem 5.1 ([12)). If the Lozi map L a ^ satisfies either (i) — 1 < b < and a < b — 1, (^z) 

< 6 < 1 and a < 1 — 6, fmj < 6 < 1 and a = 1 — 6, iaen h top (£ a ,b) — fsee Fza. O/or 
related regions). 

Proof. If a < b — 1 < —a then £ a {, has no fixed points. When 6 < 0, C a ,b is orientation 
preserving, so by Brouwer's translation theorem [3] it has an empty non-wandering set and 
therefore zero entropy, proving (i). Part (ii) can be investigated in two parts. When < 6 < 1 
and a < 6 — 1, £ a ,& has no fixed points and no period- two points. So, one can apply Brouwer's 
translation theorem to C 2 b (which is orientation preserving when 6 > 0) to deduce that 
hto P {£>a,b) = h top (C 2 ab )/2 = 0. When < b < 1 and b — l<a<l — b, there exists a unique 
saddle fixed point p = (1/(1 + a — 6),l/(l + a — 6)) in the first quadrant. Also note that there 
is no period-two point. Now v s = (A, 1) where A = (—a + \/a 2 + 4b)/ 2 is a stable direction 
at p and W+(p) = {p + v s t e M 2 | t > 0} is invariant under C a>b . Also R 2 \ (W+(p) U {p}) is 
homeomorphic to M 2 and C? a b has no fixed points there. Since C 2 b is orientation preserving 
when 6 > 0, ht op (£a,b) = ht op (C? ab )/2 = 0, proving (ii). When a = 1 — 6, note that there 
is a unique fixed point p = (I /2a, I /2a) and a line segment I of period-two points where 

1 = {(x, y) G M. 2 | a(x + y) — 1, < x < 1/a}. Note that p is the midpoint of I. So, one can 
similarly apply Brouwer's translation theorem to C 2 b on IR 2 \ (W+(p) U /) to conclude that 
C a fi has zero entropy, proving (iii). □ 

Note that nothing much is known when — 1 < b < except the case a < b — 1. Because 
when —1 < 6 < and a > b — 1, a fixed point may have two negative eigenvalues or com- 
plex eigenvalues which do not give an invariant half line going to infinity, so we can't apply 
Brouwer's translation theorem. Below, we concentrate on the case 6 > 0. 

Let us start stating our results by the following theorem: 

Theorem 5.2. For a = 1 and b = 0.5, h top (C a fi) = 0. 

Proof. First note that when < b < 1 and 1 — b < a < b + 1, £ at b has two saddle fixed points: 
P\ = (l/(l+a— 6), l/(l+a— 6)) in the first quadrant and j?2 = (1/(1— a— 6), 1/(1— a— 6)) in the 
third quadrant. Also, there are two attracting period-two points: n\ = (N, (1 — aN)/(l — b)) 
in the fourth quadrant and n 2 = ((1 — aN)/(l — b),N) in the second quadrant where 
N = (1 + a — b)/[(b — l) 2 + a 2 ]. By a direct calculation of C\ b , one can check that there are 
no other period-four points. 



Now vf = (AJ, 1) where A* = (—a + \Ja 2 + 46) /2 is the stable direction at p\ and W+(pi) = 
{"Pi + v \t £ M 2 |t > 0} is invariant under C ab . Similarly, v% = (— \%, — 1) where \% = 
(a + y/a 2 + 46)/2 is the unstable direction at p 2 and W+(p 2 ) = {p 2 + v%t e R 2 \t > 0} is 
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a= 1+|6| 




Figure 6: The sets (z), (ii) and (m) where the entropy is zero (Thm. 15.11) are shown above. 
It was also numerically observed that the light gray region with complicated boundary has 
zero entropy. We rigorously prove this at (1, 0.5). The darker gray region on the very right 
is the maximal entropy region where the entropy is log2 (see [5]). 



invariant under C a ^. 

The more challenging part is to show that the right and left parts of the unstable manifold 
of pi are attracted by n\ and n,2, respectively. We will show that this happens by considering 
C 4 . Now, let Z be the intersection of the line l\ = {p± + v\t G IR 2 | t > 0} and the x-axis 
where vf = (-A?, -1) and A^ = (-a - Va 2 + 4b)/2. See Fig. El 

Claim: For a = 1 and b = 0.5, C 4r ^(Z) — >■ n\ as m — )■ oo. 

Proof of the claim: Let us use £1,0.5 = £■■ Let P be the polygon whose corners are given by 
Z, C 2 (Z), C\Z) and C 6 (Z). Since C 8 (Z) w (1.223, -0.375) is in P, £ 2 (P) C P, i.e., P is in- 
variant under C 2 . Now consider the Lyapunov function V(x, y) = (x— iii(ni)) 2 + (y — 7r 2 (rii)) 2 
where tti : IR 2 — > R and 7r2 : M 2 — > M are the projections to the x-coordinate and y-coordinate, 
respectively. Note that 7Ti(ni) = 6/5 and ^(ni) = —2/5. By direct calculation one can see 

that V(£ 4 (x,y))-V(x,y) = ~{(x - 6/5) 2 + (y + 2/5) 2 ) <0,V(x,y) G P \ {m}. This 

15 
implies that (see for ex. [6]), Z (actually every (x,y) G P\ {ni}) is asymptotically stable to 

rii under £ 4 . 

Similarly it can be shown that £(Z) is asymptotically stable to n 2 under iterations of £ 4 . 
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Now let W r (pi) be the union of forward iterations (under £ 4 ) of the line segment connecting 
Pi and Z, i.e., W r (pi) = U n > £ 4n (segment \p\Z\). Similarly let Wi{p\) be the union of 
forward iterations (under £ 4 ) of the line segment connecting p\ and C(Z). To complete 
the proof of the theorem, we apply Brouwer's translation theorem to £ 4 . Note that K 2 \ 
(Wl(p 1 )U{p 1 }UW^(p2)U{p2}UW r (p 1 )U{n 1 }UWi(p 1 )U{n 2 }) is homeomorphic to M 2 and 
£ 4 has no fixed points there. Since £ 4 is orientation preserving h top (C) = htop^C 4 )/^ = 0. □ 



Proof of the Theorem 1.4' The proof of the above theorem, using similar Lyapunov func- 



tions, works for the parameters in a small neighborhood of (a, b) = (1, 0.5) as well. 

Remark: When we move away from a neighborhood of (a,b) = (1,0.5), it is sometimes the 
case that the unstable manifold of the right fixed point intersects with the stable manifold 
of the same fixed point causing a homoclinic point and positive entropy. The parameters 
for which C a ^ is numerically observed to have zero entropy are given in Fig. [6] and Fig. |HJ 
For more details see [15] . Note that since positive entropy occurs as a result of a homoclinic 
intersection of the stable and unstable manifolds of a periodic point (which are piecewise 
linear), the boundary of the zero entropy locus is expected to be piecewise algebraic. But 
writing the equations explicitly requires more work. 

The case a=l+b: When a = 1 + b and b > 0, it can be shown that the portion of the 
line £ : y = —x + (1 — b 2 )/(a(l + b 2 )) that stays in the region given by 1 + ax + by > 0, 
1 — a(l+ax+by)+bx < 0, x < and image of that portion of the line £ under £ afe give all the 
period-four points except the fixed points of C a ^. In other words, there are infinitely many 
period-four points that lie on two line segments. But it can be again observed numerically 
that as long as there are no homoclinic points, the unstable manifold of the right fixed point 
is attracted by these two line segments causing the entropy to be zero. Note that when 
a > 1 + b, the period-two points become saddles, so we can expect that some portion of the 
line a = 1 + b, 5 > is a part of the boundary of the zero entropy locus (see Fig. [8]). For 
more detailed study of this case, see 



Finally, we would like to mention some entropy results for the Henon family. In jT], Arai 
introduced a rigorous computational method to show the uniform hyperbolicity of the Henon 
family at several regions in the parameter space. This means the entropy is constant at those 
regions. Recently Frongillo [7J, using the techniques introduced in [5], gave rigorous lower 
bounds for the entropy of the Henon family at those parameters studied by Arai. These 
studies gave some insight about the approximate maximal entropy and zero entropy regions 
for the Henon family. Especially, one should compare the conjectural maximal entropy 
parameters in the Henon family [7] with the maximal entropy parameters in the Lozi family 

(Fig. ED. 



17 




Figure 7: The picture shows the unstable and stable manifolds of the right fixed point of 

£l,0.5- 



b 0.6 




Figure 8: The shaded region gives the numerically observed parameters for which h top (C a 
0. 
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A Appendix 

Proposition A.l. Fore wither* = (+1, —1, —1, — 1 . . . ) we have q(e)(a, 6) = , t, , where 



x = (a- Va 2 + 46)/2. 



Proof. First note that since ef = (+1, —1, —1, —1 . . . 

1 1 6 

r = = where x = 

b a + x 
a H —a H 



(a+x)(b+x) 



) 



b 

-a + — 



—a H 

Note that the continued fraction for x can be written as x = and this equation gives 

—a + x 

two solutions. We choose x = (a — y/a 2 + 46) /2 as in [9]. 

1 
Also note that r n = for all n > 1. So r n = | for n > 1. 



6 

-a + — 



-2 



Now we have g(e) (a, 6) = r - r n + r nr 2 - . . . = ^(1 - f + fr - . . .) = ^(E(~f V 



71=0 



(a+x)0+z) ' 



a 



Lemma A.2. For 1 < a < 2 and e E V 2 o, |r|, = lim f2 = lim |- f 7 



(a+x)(b+x) 



For a = 2, we 6ai>e lim -gf = 0. 
6^0 db 

Proof. Note that by the above proposition, we have ^| | = lim ^| = lim ^ ( 

Note that | = (a+x)(b+x) ~^jy+^ a+X)(1+X/ ^ • To find lim S' we need to a PP } y 1'Hopital's 
Rule twice. Applying 1'Hopital's Rule the first time, lim g|, after cancelation, becomes: 

-b[x"(b + x) + x'(l + x') + x'(l + x') + (a + x)x"} 
b^o 2(a + x)x'(b + x) 2 + (a + x) 2 2(b + x)(l + x') ' 
which equals: 

-b\x"(a + b + 2x) + 2x , (l+x')} 
hm 



b^o2(a + x){b + x)[(x'(b + x) + (a + x)(l + x')] ' 
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Applying l'Hopital's Rule again, the 6-derivative of the numerator becomes: 

-{x"(a + b + 2x) + 2x'(l + x')} - b[x"\a + b + 2x) + x"{\ + 2x') + 2x"(l + a/) + 2xV], 
and the fe-derivative of the denominator becomes: 

2[(a/(6 + x) + (a + x)(l + a/))(s'(6 + x) + (a + x)(l + x')) 
+ (a + x)(6 + x)(x"(b + x) + 2x\\ + x') + (a + x)x")]. 

Now, taking the lim it of t he numerator and denominator as b goes to gives the result. Note 
that lim x = lim a ~^f+^ = an d §L n = x'L n = - 1 and f|L n = x"l n = 4: 

9g 2 (i _ 2) h _ 1) 

lim a a a 



6^0 96 2a 2 (l-i) 2 a(a-l) 2 

a 
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